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Tokyo, 23 July 1987

After lunch, demand rose by about 400 
MW/min.

13:10: Demand reached 39.3 GW

13:19: “voltages in the Tokyo supply 
network fell rapidly after sustained 
demand growth, without an initiating 
contingency.”

Soon after: Automatic protection sheds 
8.2 GW, avoiding a system-wide 
blackout.

TEPCO (2010),  TEPCO (2013)

TEPCO reports there was “no power flow solution” for the unexpected load.
 Is that possible? How does this happen?
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All available capacitors were connected, but voltage continued to fall.
At 13:19, several 500 kV buses fell to about 370–390 kV.

TEPCO (2013)

TEPCO (2010)
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TEPCO (2010)

PTEPCO = −P
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TEPCO (2010)
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TEPCO (2010)
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https://openjicareport.jica.go.jp/pdf/12121109_04.pdf#page=40
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Sydney, 15 April 2018

Bushfires affected five 330 kV lines 
supplying Sydney South.

AEMO found that losing all five 
simultaneously would have caused 
voltage collapse in the 132 kV 
network around Sydney South.

At most two were out together. No 
customer load was lost.

https://www.aemo.com.au/-/media/Files/Electricity/NEM/Market_Notices_and_Events/Power_System_Incident_Reports/2018/NSW-bushfires-on-15-April-2018.pdf#page=12
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The P–V curve: origin, limit and control

How does voltage collapse happen?

How can an inductive transmission line limit maximum power transfer?

How can reactive support, source voltage, and network reactance change that limt?
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At an interconnection point the grid can be approximated with it’s Thevenin-Equivalent circuit:

 

 

Thevenin-Equivalent Circuit Modelling
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For example, recall from the voltage control lecture:

   
M
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An infinite bus keeps its voltage magnitude and frequency fixed, regardless of the power exchanged.

One load or generator is usually small compared with the interconnected grid, so its power change has 
little effect on the grid’s frequency and regulated voltage.

Thus, the grid can be approximated by a infinite bus/voltage source behind an impedance.

Single load
or generator

small compared with the grid
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This lecture will focus on two-bus/Thevenin networks, with the understanding that the two-bus 
network approximates the full power system at any point of interconnection.
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Exercise: maximum DC load power

 

 

 

    

 

  
  Sketch load power against current and voltage.

What current and voltage maximize load power?
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Exercise solution

P = V(V − 10)

−P

I

−P

V
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0 −5 A −10 A

 

 
  load

 

 

 

Building intuition: DC circuit maximum power transfer
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  Load
 

 

  

 

𝐼
 

 
 

 

 

AC circuit maximum power transfer
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AC circuit maximum power transfer

 

 

  Load
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The power flow manifold

 

 

3 unknowns, 1 equation

3 unknowns, 1 equation
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Derivation of the voltage-magnitude equation
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The power flow manifold
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The power flow manifold

We are interested in only a specific portion of this power flow manifold.

Keith Moffat · Power System Analysis



Unit 5 5.1 · Voltage stability and collapse

The power flow manifold

High-voltage sheet

Low-voltage sheet

We are interested in only a specific portion of this power flow manifold.
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The power flow manifold
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High-voltage solution
Low-voltage solution

Power systems operate on the high-voltage branch.

 
has 2 solutions

The power flow manifold

Keith Moffat · Power System Analysis



Unit 5 5.1 · Voltage stability and collapse

Exercise: a load on the low-voltage branch

 

What happens to its voltage and to the 
real power the line delivers?

   

 

see the appendix for a more rigorous answer to this question using transfer functions 
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The feedback continues until the voltage 
and real power delivered collapse to 0.

P

 0

Pₘₐₓ

Exercise solution
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TEPCO (2010)
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Voltage stability depend on the load

 
Constant power 

= 
“Stiff” load 

(e.g., induction motors)

Constant impedance 
=

“Soft” load
(e.g., resistive heating)

What are the exponents for constant power and constant impedance model?

Which is worse from a voltage collapse perspective?

An explanation of voltage collapse using load dynamics is given in the appendix slides.
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High-voltage sheet

Low-voltage sheet

Voltage collapse edge

Capacitive load

Unity PF load

Inductive load

Solid: high voltage
Dashed: low voltage

The power flow manifold
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The power flow manifold
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Two power flow solutions
(low and high voltage)

No power flow solution

Voltage collapse edge

 

 

The power flow manifold
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TEPCO (2010)

P-Q-V curves typically use the extraction-positive sign convention. In this class we use injection-positive.

The P-Q-V Curve is relevant for real-world grid operation

The power flow manifold

Keith Moffat · Power System Analysis
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T. Van Cutsem, C. Vournas, “ Voltage stability of electric power systems”, Springer Science & Business Media, 1998 

The power flow manifold

Different curves for different power factors, 3D
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T. Van Cutsem, C. Vournas, “ Voltage stability of electric power systems”, Springer Science & Business Media, 1998 

The power flow manifold

Different curves for different power factors, 2D
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0

Q = 0
PF = 0.9 inductive

PF = 0.9 capacitive
Fold / collapse edge
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Q injection 
(capacitor)

  Q extraction 
(inductor)

 

 

 

0

Increases with Q

 
 

  

Keith Moffat · Power System Analysis



Unit 5 5.1 · Voltage stability and collapse

Q injection 
(capacitor)

  Q extraction 
(inductor)

 

 

0
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Current/thermal maximums and minimum voltage constraints often bind before the collapse point.

Keith Moffat · Power System Analysis



Unit 5 5.1 · Voltage stability and collapse

But sometimes, they do not.

   

 

0
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Q injection 
(capacitor)

  Q extraction 
(inductor)

 

 

0

 
 

  

 

This voltage looks fine

Keith Moffat · Power System Analysis



Unit 5 5.1 · Voltage stability and collapse

TEPCO (2010)

Voltage was high up until collapse
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−P

 

0
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0.9 inductive 0.9 capacitive 0.7 capacitive 0.5 capacitive

With the current/thermal constraint, a 0.9 capacitive power factor maximizes power transfer. 

 

Imax = 0.5

V
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Exercise: explain the P-V and P-I curves on this slide—why does current get so large?

0.9 inductive 0.9 capacitive 0.7 capacitive 0.5 capacitive 

Imax = 0.5

V

   

I = Imax
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Reactive margin
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The primary source of reactive power and have traditionally been 
responsible for maintaining the network voltage profile.

Often equipped with Automatic Voltage Regulators (AVRs), which 
modulate reactive power injection/excitation to maintain a 
constant output voltage magnitude.

Reactive power operating limits must be considered, particularly as 
we rely on fewer machines.

Synchronous generators

Q

P

Keith Moffat · Power System Analysis
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– No active power is produced, very little is consumed
– Downsides: expensive, limited supply

• Synchronous generators may be repurposed to syncons

Synchronous condensers

Keith Moffat · Power System Analysis
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Inverters can inject reactive power within their hardware capability limits.

We have under-relied on inverters. Improved inverter integration will lead to more efficient and more 
secure grid operation.

Inverters

 

 

Absorption

Production

Current limit

Keith Moffat · Power System Analysis



Unit 5 5.1 · Voltage stability and collapse

How operators change the loadability margin

Action What changes Effect

Reactive support PV curve moves up and right

AVR voltage setpoints PV nose moves up and right

Network switching Power limit increases

Generator dispatch
and commitment

More local MW; commitment
can add reactive support

Reduces imports;
may raise the power limit

Load shedding Operating point moves left,
away from the nose

Qₙₑₜ = Q + Q꜀

Vₛ ↑
Within reactive limits

X ↓
Add parallel supply paths

 
Less consumption

NERC, Reactive Power Planning Guideline (2016), pp. 16, 21–22 and 39

Keith Moffat · Power System Analysis
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Reactive power injections or “shunt compensation” may come from:
– Mechanically-switched capacitors
– Syncons
– SVCs and STATCOMs
– Inverters

Reactive support

Keith Moffat · Power System Analysis
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Shunt capacitance reshapes the PV curve, pushing it up and right

 

 

Shunt setting

BCX = 0

BCX = 0.14

BCX = 0.28

Keith Moffat · Power System Analysis
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0

     

 

 

Changing the line reactance shifts the curve left/right

Derivation:
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A line outage reduces the transfer limit

 
two lines

one line
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Resistive + inductive lines also have a loadability curve

0
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A higher ratio raises load-side voltage. 
It can delay reaching the load-voltage limit.
The upstream line still has the same nose.

 

 0

     

 

 

 

 

   

 
Load

Transformers shift the PV curve up

Keith Moffat · Power System Analysis
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Tapping up before the line increases the power limit

Load

Vₛ Vᵤ Vₗ

jX
Vᵤ = aVₛ

 

 

a = 0.90 a = 1.00 a = 1.10
Vₗ

Vₘᵢₙ

0  

Keith Moffat · Power System Analysis
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Some commonly used terminology

Keith Moffat · Power System Analysis



Unit 5 5.1 · Voltage stability and collapse

Short-circuit ratio (SCR) compares grid fault level with plant rating.

The numerator is the grid-side three-phase fault level (MVA), excluding the plant’s contribution.

The denominator is the plant’s rated active power (MW).

For nominal source voltage behind the grid’s Thevenin impedance:

At fixed voltage and plant rating, lower SCR means larger grid impedance/voltage sensitivity. 

Low SCR gird regions are sometimes called “weak grid” regions.

 

https://www.aemo.com.au/-/media/files/stakeholder_consultation/consultations/nem-consultations/2024/ssiag/system-strength-impact-assessment-guidelines-v22.pdf

 

Keith Moffat · Power System Analysis
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For a lossless two-bus connection with fixed source 
voltage and zero reactive injection:

Lower SCR increases 𝑍th and reduces the maximum load 
power.
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load
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Surge Impedance Loading (SIL)

 

(a)  Light load 
(b) SIL 
(c) Heavy load

At load (b), the line’s capacitive injection balances its inductive absorption regardless of length.

(a)
 

 

 

 
 
 

(c)

 

   

   

load
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Exercise: can grid-edge reactive support increase transfer?

Varentec ENGO units inject or absorb reactive power on distribution feeders.

 

Keith Moffat · Power System Analysis
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If thermal constraints bind, reactive support helps but 
only to an extent.

Real power flows may also need to change to keep line 
and transformer currents within their limits.

Batteries: reduce net transfers by charging during 
surplus generation or discharging near loads.

Dynamic operating envelopes: adjust import and 
export limits as network conditions change.

 

 

 

Keith Moffat · Power System Analysis
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Ergon’s batteries support long rural 
Queensland feeders.

20 units at 13 sites, installed by 2016.

Each unit: 25 kVA / 100 kWh.

They relieve voltage and capacity constraints, 
avoiding some line upgrades.

Middlemount, Queensland

Source: project engineers, T&D World (2017)

Keith Moffat · Power System Analysis
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Charleville: close to the PV-curve knee

A static VAR compensator (SVC) supports the 
long rural 66 kV network.

Ergon: “the system operates very close to the 
voltage collapse knee point.”

Ergon’s southwest Queensland 66 kV network
Ergon, Charleville Draft Project Assessment Report, p. 5
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East Gippsland, Victoria: planning to prevent voltage collapse

2025: AusNet considers a 30 MW / 150 MWh battery at Bairnsdale to reduce line loading and 
increase the network’s voltage-collapse limits.

https://www.aemo.com.au/-/media/files/stakeholder_consultation/consultations/nsp_consultations/2025/osr-ld-tgn-mfa.pdf

Keith Moffat · Power System Analysis
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https://www.yef.org.au/community-batteries/fitzroy-north-community-battery

193–205 McKean Street, Fitzroy North
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Exercises
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Bus 1: load Bus 2: VAR source
X₀₁ = 1 X₁₂ = 10

VAR

  P₁ = −0.8,     Q₁ = 0 P₂ = 0,     0  Q₂  1≤ ≤

 

Exercise: “VARs don’t travel”
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Bus 0 Bus 1 Bus 2   

VAR     

 

Exercise solution

Keith Moffat · Power System Analysis
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Line 1

Line 2

Line 3

Each line: X=1
Shunt b=0.1
at each end

SCSyncon
PG=0

QG 1≤

Load
P=−1
Q=−1

 
Exercise: loss of transmission line
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      Load

 

 

Exercise solution
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Grid
Bus 0

V0=1
θ0=0

Bus 1
Target
V1=1
θ1

Line 1

Line 2

Line 3: open

Each line: X=1
Shunt b=0.1
at each end

SCSyncon
PG=0

QG 1≤

Load
P=−1
Q=−1

 

Exercise: loss of transmission line
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      Load

 

Exercise solution
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Bus 0 Bus 1 Bus 2

 
Infinite bus

   

 

 

 

 

 
 

Load

 

P. Kundur, Power System Stability and Control, McGraw-Hill, 1994, Fig. 14.6, p. 968

Exercise: the effect of AVR limits

Assume the generator’s internal voltage stays in phase with bus 0.

Keith Moffat · Power System Analysis

https://books.google.com/books/about/Power_System_Stability_and_Control.html?id=2cbvyf8Ly4AC


Unit 5 5.1 · Voltage stability and collapse

Load

𝑽1

V0=1

jX01=j jX12=j0.5
jXG=j

𝑽𝐺 G1

𝑽2

P2<0
Q2=0

 

Exercise solution
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A

B
C

 

 

 

Exercise solution
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An ideal receiving-end tap changes voltage without changing the line’s power limit.

 

 

  Vₗ

Vₗ = aVᵤ
Load

Tapping up raises load voltage. 
Upstream voltage and current stay the same.

Vₛ = 1,   X = 0.5,   Q = 0

0 −0.5 −1
0

0.5

1

a = 1 a = 1.1

Vₗ

 

same limit
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load

An outage increases X from 0.4 to 0.6, decreasing 
network voltage. 

Tapping up raises voltage, initially restores some of 
the loads power demand. 

Current rises and upstream voltage falls further, 
prompting more tap-ups.

0 −0.8 −1.6
0

0.7

1.4

    Load

 

 

Target

Unusual distribution network response to tap-changes

Keith Moffat · Power System Analysis
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Repeated tap-ups eventually lowers the load voltage, which is the opposite of the intention.

−2 8 18
0

0.5

1

Load voltage Upstream voltage

Setpoint
Outage

Tap step

Unusual distribution network response to tap-changes
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Extra slides
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Analyzing voltage stability dynamics

(Why/when is the low voltage branch unstable?)
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Model: David Hill https://doi.org/10.1109/59.221270

Dynamic Voltage Stability Analysis

Keith Moffat · Power System Analysis

https://doi.org/10.1109/59.221270
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Load  

 

 

 

 

 

 

Dynamic Voltage Stability Analysis
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load network

 

 

stable

unstable

Dynamic Voltage Stability Analysis

(next slide)
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Dynamic Voltage Stability Analysis
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The same low-voltage operating point is stable when the load has fixed impedance.

  

 

Network PV curve

Fixed-impedance load

 

Dynamic Voltage Stability Analysis
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Example: line outage leaves the weakened network unable to support the load’s restored power.

 

 

Fixed impedance

Power recovery

 

Dynamic Voltage Stability Analysis
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TEPCO has a different way of explaining the same phenomenon — 
voltage collapse is caused by the interaction of the network in a low-
voltage operating point and load dynamics.
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TEPCO (2010)
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TEPCO (2010)
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TEPCO (2010)

Keith Moffat · Power System Analysis
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