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This recording demonstrates electricity prices, which are determined by power flows and constraints

But how do we know how much power is flowing throughout the network?
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This map shows the measured electricity angles across the Eastern United States.

Can we predict these electricity angles from the power injections (generation and load)?
https://fnetpublic.utk.edu/anglecontour.html
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Power flow manifold
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Sets of non-linear equations have no direct solution 
 use an iterative solution method

Newton-Raphson is one such method

Toy example: one function of one variable

Power Flow Problem Abstraction

x

f(x)

x*

Solution
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Newton-Raphson Algorithm 1/2

 

x0

f (x0)

initial guess

How do you do this?

x

f(x)

x*
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Newton-Raphson Algorithm

Began as a hand-computation rule for finding roots of algebraic equations.

Newton developed a root-finding procedure.

Raphson published a more compact iterative form in 1690.

Simpson later connected the idea to calculus notation and systems of equations.

Today, it’s one of the most important algorithms in scientific computing and optimization.
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Insight 1/2
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Insight 2/2

Newton’s method: reduce hard, nonlinear problem to iterated arithmetic

Humans
• Can solve linear systems (slowly)
• Can only guess-and-check nonlinear systems

 does not scale

 
Computers

This idea allowed 
• Newton, later Raphson, to solve scalar nonlinear equations
• Later, Simpson used to solve vector (many functions of many variables) nonlinear equations 
• The invention of the computer + sparse matrix theory extended this to thousands and now millions of variables 

• Can solve linear systems (fast)
• Can only guess-and-check nonlinear systems

 does not scale

Idea: use linear system solves to get progressively closer to the solution 
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Taylor Series Expansion

higher order terms

 

 

linear approximation
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x

f(x)

x1 x0

f ’(x0)

f (x0)

Initial 
estimate

x*

Solution
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x

f(x)

x1 x0

f ’(x1)

 

x2x*

Solution

Newton-Raphson Toy Demonstration

f (x0) f ’(x0)
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Newton-Raphson Algorithm 2/2
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One function one variable example 1/5
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One function one variable example 2/5
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One function one variable example 3/5
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One function one variable 4/5

?
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=4.14

-0.49 x
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One function one variable example 5/5

45)( 2  xxxf

? ,0)(  xxf
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One function one variable, Different x0

41 x

f(x)

45)( 2  xxxf

? ,0)(  xxf

 

The solution x to f(x) = 0, where f(x) is a
non-linear function, can depend on the initial guess!
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One function one variable, solution existence

41 x

f(x)
 

 

The solution x to f(x) = 0, where f(x) is a
non-linear function, can fail to exist!
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Newton-Raphson Algorithm Guarantees?

No.

But, Newton-Raphson tends to work well in practice.

Are there general solution guarantees?
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Find x and y  such that

Two Functions of Two Variables 1/3

Taylor’s series expansion (neglecting higher order terms and with xk and yk as estimates):

 

 

 
where
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If we consider xk and yk as the solution, we must have:

Two Functions of Two Variables 2/3

or

 

 

Jacobian  
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Two Functions of Two Variables 3/3
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Find x and y such that

Example | Two Functions of Two Variables

Start from: 

Iterative expression:
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Newton-Raphson for Power Flow: The Process

Start 

Initial estimate for unknown voltages and 
angles (θ2 …. θN , V2 …. VN) 

Calculate mismatch equations

Calculate Jacobian matrix J

   

 

Calculate mismatch equations

Solution found! 
Print (θ2 …. θN , V2 …. VN) 

Go to the next 
iteration

YES

NO

End 

Note: This example uses only PQ buses
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Newton-Raphson for Power Flow: The Variables

 

 

Voltage angles at 
non-slack buses

 

 

 

General notation: Power flow equations:
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Newton-Raphson for Power Flow: The Equations

 

General notation: The Bus Injection Equations:

 

… but which of these equations to use for which buses?
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Newton-Raphson for Power Flow: The Equations
(special case of no PV-buses)

For the special case of no PV-buses, all buses (except the slack) are PQ buses.
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General notation: Power flow equations:
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Three-Bus Example

Bus 1: Slack bus
V1=1 and q1 = 0

P1, Q1 unknown

Bus 3: PV bus
P3 and V3 known
Q3 and q3 unknown

Bus 2: PQ bus
P2 and Q2 known
V2 and q2 unknown

 

P=1, V=1

 

6 unknowns

1 2
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G

G
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3

G

G
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Implicit equations: known power injections

Explicit equations: unknown power injections

3 equations
3 unknowns

3 equations
3 unknowns

solve these

then solve these

The Newton-Raphson iterations
are applied to the implicit equations

 

 

 

 
 

 

Three-Bus Example
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Implicit Equations  Mismatch Equations

 

given injections for non-slack buses (constant)

non-slack bus injections calculated from Power Flow Equations
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denotes matrix dimension

 

non-slack-bus angles
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Solving the Jacobian linear system

Δx is calculated by solving the linear system: 

One way to do this is by inverting the Jacobian:

In practice, there are faster ways of solving linear systems than matrix inversion.
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Plugging into the general Newton-Raphson form,

We get the Newton-Raphson Power Flow algorithm:

Once the iterations converge for the unknown voltage variables, 
we plug into the explicit equations to get the unknown power injections.

Newton-Raphson power Flow
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Two Bus Example | Power Flow

Values in per unit and actual units

G
1 2Slack Bus PQ Bus 
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Two Bus Example | Admittance Matrix

G
1 2  
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Two Bus Example | Power Flow Equations 1/2

G
1 2  
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Two Bus Example | Power Flow Equations 2/2
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Two Bus Example | Implicit Equations  Mismatch Equations
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Example | Jacobian and Iterative Expression
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Example | 1st iteration

 

1

2
   

3

4
 

 
5

For q 0 and V0 

“Flat” start

q  in rad
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Example | Slack bus injections
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Example | Solution

G
1 2   
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PowerWorld is an interface for solving power flow
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G1 G2
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Sparsity and Solving the Newton Step

 
 

Images from: “Electric energy systems: analysis and operation” A. Gómez-Expósito, A. Conejo, C. Cañizares, 2009
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Newton Raphson Power Flow often has rapid convergence to a very good accuracy
• Thus, 60+ years later it is still the standard for solving power flow

The Jacobian factorization is the time-consuming part of the algorithm.
Thus, methods have been developed to avoid Jacobian factorizations (next week).

Final Remarks

Note: Newton-Raphson is used for many applications in addition to power flow
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Power Flow Analysis – Part 1
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