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Unit1 1.1 - Newton-Raphson power flow

But how do we know how much power is flowing throughout the network?
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Unit1 1.1 - Newton-Raphson power flow

This map shows the measured electricity angles across the Eastern United States.
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Can we predict these electricity angles from the power injections (generation and load)?
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Unit1 1.1 - Newton-Raphson power flow

Power flow manifold
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https://doi.org/10.1109/59.932273

https://molzahn.github.io/pubs/molzahn_hiskens-fnt2019.pdf#page=23
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Unit1 1.1 - Newton-Raphson power flow

Power Flow Problem Abstraction

Sets of non-linear equations have no direct solution
—> use an iterative solution method t f(x)

Newton-Raphson is one such method

Toy example: one function of one variable

v

Solve f(x) =0 where f(x) is a
non-linear function of scalar variable x x*

N

Solution
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson Algorithm 1/2

Context: you

« want to find where f(x) =0
« do not have a plot (e.g., on the right) t f(x)
« but can query f(x) and its derivative f’(x)

Approach:

« Start with an initial guess
« Adjust the guess to decrease the error
« Repeat until the error is small enough '\

Keith Moffat - Power System Analysis

initial guess

How do you do this?



Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson Algorithm

Began as a hand-computation rule for finding roots of algebraic equations.
Newton developed a root-finding procedure.

Raphson published a more compact iterative form in 1690.

Simpson later connected the idea to calculus notation and systems of equations.

Today, it's one of the most important algorithms in scientific computing and optimization.
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Unit1 1.1 - Newton-Raphson power flow

Insight 1/2

A large fraction of scientific computation reduces to solving linear systems of the form Ax =b

Computers are extremely effective at linear algebra,

- nonlinear problems are often solved by reducing them to a sequence of linear systems
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Unit1 1.1 - Newton-Raphson power flow

Insight 2/2

Newton's method: reduce hard, nonlinear problem to iterated arithmetic

Humans Computers
* Can solve linear systems (slowly) - Ax = b <—— « C(an solve linear systems (fast)
* Can only guess-and-check nonlinear systems « Can only guess-and-check nonlinear systems

- does not scale - does not scale

Idea: use linear system solves to get progressively closer to the solution

This idea allowed
* Newton, later Raphson, to solve scalar nonlinear equations
* Later, Simpson used to solve vector (many functions of many variables) nonlinear equations

* The invention of the computer + sparse matrix theory extended this to thousands and now millions of variables
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Unit1 1.1 - Newton-Raphson power flow

Taylor Series Expansion

With an initial estimate x0, our goal is to solve for Ax° such that

fx) =fx*+A8x") =0

Taylor series: i 0 ' o 0 1 "o 082
f@)=f&7)+f(x7)-Ax" +5f7(x7) - (Ax7)"+...
N v )\ v J
linear approximation higher order terms

Solving the linear portion f(x°) + f'(x°) - Ax° =0
provides an approximate solution to f(x*) = f(x° + Ax°) =0

- iterate
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Unit1 1.1 - Newton-Raphson power flow

[ f0) f(x°)

» X9

J

o
Lt

\ Initial

Solution estimate
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson Toy Demonstration

[ f0)

Solution
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson Algorithm 2/2

Initialization: pick an initial guess x(®

Repeat, until convergence:

1. Solve: —f'(x®)Ax®) = f(x )

2. Determine the next guess: x*+1 = x () 4+ Ax )

3. Query the nonlinear function to get f(x®)

—f"(x®)Ax® = f(x®)

Keith Moffat - Power System Analysis



Unit1 1.1 - Newton-Raphson power flow

One function one variable example 1/5

1 (%) f(x) =x’-5x+4

f(x)=0,x="
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One function one variable example 2/5

flX)=x*—5x+4=0 x©@ =6

—f'(xFN)Ax ) = £(x )

= ) —px-5 m) E)=r©E=2x-5=

dx

» f(x©)=f(6)=x*—-5x+4=

» Ax(o) = » Ax(o) = =




Unit1 1.1 - Newton-Raphson power flow

One function one variable example 3/5

1 (%)

x(k+1) — x(k) + Ax(k)

x(l) = x(o) + Ax(o)

» 2D =

@ =
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Unit1 1.1 - Newton-Raphson power flow

One function one variable 4/5

tf(x) @ =

=

f( =x2—-5x+4=2
f( )=2x—-5=
Ax(l)z

x(z) = x(l) + Ax =

N L

D=

x@=
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Unit1 1.1 - Newton-Raphson power flow

One function one variable example 5/5

f(x)=x*>-5x+4

f(x)=0,x="

E x®  f(x) f'(x) Ax®  xED
0 6.000 10.000 7.000 -1.429 4571
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Unit1 1.1 - Newton-Raphson power flow

One function one variable, Different x°

t 09

f(x) =x*-5x+4

f(x) =0, x =?

The solution x to f(x) = 0, where f(x) is a
non-linear function, can depend on the initial guess!
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Unit1 1.1 - Newton-Raphson power flow

One function one variable, solution existence

t 09

f(x)=x%—-5x+10

f(x)=0,x=?

The solution x to f(x) = 0, where f(x) is a
non-linear function, can fail to exist!
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson Algorithm Guarantees?

Initialization: pick an initial guess x(®

Repeat, until convergence:

1. Solve: —f'(x")Ax®) = f(x(0)

2. Determine the next guess: x*+1 = x(F) 4 Ax ()

3. Query the nonlinear function

Are there general solution guarantees?
No.

But, Newton-Raphson tends to work well in practice.
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Unit1 1.1 - Newton-Raphson power flow

Two Functions of Two Variables 1/3

Find x and y such that {f(x,y) =0

gx,y)=0

Taylor's series expansion (neglecting higher order terms and with xkand y* as estimates):
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( k .k k .k
a ) a ’
flx*y*) = flxk,yo) + f(ygxy ) Axk 4 m;yy )-Ay"

0 k’k 0 k’k
gELYT) k99 y)_Ayk

* kY A k .,k .
kg(x Y) =gty )+ — ——Ax 3y

xf+l = xk + Ax!

where
{yk+1 — yk + Ayl



Unit1 1.1 - Newton-Raphson power flow

Two Functions of Two Variables 2/3

If we consider x* and y* as the solution, we must have:

Keith Moffat - Power System Analysis

( k .k k .k
af (x*,y") af (x*,y")
k, k A k A k = (
fx®,y*)+ P x* + 3y y
0g(x*,y*) 0g (x*,y*)
k k . k . k e
kg(x , V) + o Ax™ + 3y Ay (
or
Of (x*,y%)  af (x¥, y")]
ox oy | [axk]_ _[Fek o)
dg(xk,y%) ag(xk,y)| 1av*] gk, v
dx dy
J
v

Jacobian J&5®)



Unit1 1.1 - Newton-Raphson power flow

Two Functions of Two Variables 3/3

](xk,yk) . |Ax;j - _ f(xk)yk)
Ay g(xk, yk)

Ax*k _ _ (1(xkyk _1. f(x*,y%)
’AJ”“ == (1) g(xk, y%)

‘ {xk+1 = vk + Ay
yk+1 — yk + ij
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Unit1 1.1 - Newton-Raphson power flow

Example | Two Functions of Two Variables

Find x and y such that fx,y)=x+y—-15=0
g(x,y)=x-y—=50=0

Start from: x°=4;y%=9

Iterative expression:

] - gesomy ™ )

Ay* g(xk,y%)
af 0f]
_|ox oyl _ ]
I=1ag ag ‘[
dx 0y
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson for Power Flow: The Process

f

.

~
Initial estimate for unknown voltages and

angles (0,....6,, V,...V,)

J

A 4

Calculate mismatch equations

Calculate Jacobian matrix J

Note: This example uses only PQ buses

Go to the next
iteration

Solution found!
Print (6,.... 6, V,.... V)

YES

X|fp(9,V)| <e€
Ifo(6. V)| < €

NO
v
/ 'AQ;" _fpz(gg;---;gﬁ, Vzk,---,VI{;( 1 \ ( '9§+1-
ABIIG — _(]k)_l . fPN (9%;-.-;91’\‘“V2k’...,V§) 9[’64’1 _
AVzk fo2 (9§,...,9£,V2k,...,VA’,‘) V2k0+1
H : k:
\ _AVIG‘_ —fQN (9§;---,9§,V2k,...,V§)_ ) \ -VN+1-

_Agéc_

ABF
AVE

LAV

——>! Calculate mismatch equations
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson for Power Flow: The Variables

General notation: Power flow equations:
x4 Voltage angles at Voltage magnitudes
y = [ : ‘ non-slack buses at PQ buses
Xn 92 Vnpv+2
On Vn

Number of PQ buses: (N —1) \

—
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson for Power Flow: The Equations

General notation: The Bus Injection Equations:
f1(x) -
flx) = [ : ] prected = Z VieVi[Gri cos Oy + By sin 6]
fn (%) -

injected __ .
I = Z V,.V;[Gy; sin 8y; — By; cos 6]
LENy,

... but which of these equations to use for which buses?
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson for Power Flow: The Equations
(special case of no PV-buses)

For the special case of no PV-buses, all buses (except the slack) are PQ buses.
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) PN(Qz,
Q2(92;

(P,(6,, ..

QN (6, -

.,GN, Vz, .

’ QN! Vz, .
’ QN, Vz,

) eN; VZJ "

S VN)

S V)
JVN)

'JVN)

2XN power flow equations
2xN unknown variables
2x(N-1) implicit equations
2 explicit equations:
P;(0,, ...,0N, Vs, ..., Vy)
Q1(02, ..., 0y, V2, ..., Vi)



Unit1 1.1 - Newton-Raphson power flow

General notation:

0f1(x)

axl

8f, (x)

| dx4

J(x) =

Keith Moffat - Power System Analysis

The Power Flow Jacobian Matrix J
(special case of no PV-buses)

0f1(x)]

0x,

8, (x)

0x, |

Power flow equations:
'6P2

J(V,8) =

96,

Py
a6,

00,
00,

Qy

96,

P, P,
36y oV,
dPy 0Py
36y Vv,
dQ2 0Q-
36y Vv,
d0Qy 0Qn
36y oV,

6P2 i
IV
Py
Wy

dQ-
oVy

dQy
aVy |




Unit1 1.1 - Newton-Raphson power flow

Three-Bus Example
V; =120 1 2

4 /

Bus 1: Slack bus

V;=Tand 6, = 0 Bus 2: PQ bus
P,, Q, unknown /le’ V=1 P, and Q, known

V, and 6, unknown

S =15+;0.8

Bus 3: PV bus
P, and V; known

Q; and 6, unknown

6 unknowns
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Unit1 1.1 - Newton-Raphson power flow

Three-Bus Example

The Newton-Raphson iterations
are applied to the implicit equations

Implicit equations: known power injections
“PP” Pz - 10V2V1 sin 921 + 4V2V3 sin 923 3 equatlons

P at non-slack buses — P; = 5V,3V; sin 03, + 4V3V, sin 03, - unknowne
“Q@"{Qz = —10V,V; cos 0, + 14VF — 4V,V; cos 0,3

Q at PQ buses e /

solve these
then solve these
Explicit equations: unknown power injections \A
Pl —_ 10V1V2 Sin 912 + 5V1V3 Sin 613 3 equatIOnS
Ql - 15V12 - 10V1V2 COoS 912 b 5V1V3 COS 913
3 unknowns

Q3 - _5V3V1 COS 831 - 4V3V2 COS 932 + 9V32
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Unit1 1.1 - Newton-Raphson power flow

Implicit Equations - Mismatch Equations

f»(8,V) and f,(6,V) are the active and reactive power mismatch equations

non-slack bus injections calculated from Power Flow Equations
/ given injections for non-slack buses (constant)
fp(6,V) =Pp(6,V) —Pp=0

given injections for PQ buses (constant)

PQ bus injections calculated from Power Flow Equations

The power flow solution is the values of V and 6 that satisfy the mismatch equations

Goal: find the voltages such that the mismatch equations equal zero
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Unit1 1.1 - Newton-Raphson power flow

The Power Flow Jacobian Matrix J

For an n-bus system with 1 slack bus, npy PV buses, and np, PQ buses,
- variables: (n — 1) unknown voltage angles and np, unknown voltage magnitudes, and

» implicit equations: (n — 1) for active power and np, for reactive power.

Thus, the Power Flow Jacobian has dimension (n — 1 4+ npg)X (n — 1 + npg)

denotes matrix dimension

f/

R(n—l)x(n—l) R(n—l)xan
o [are 0Pp] [, ([OP Op]\
ol P )1 V. /2 V
non-slack-bus angles \ Qol d0p aVQ - VQ. |V Q.
id 9@ 9Qo| Op Op]
e Va. a6p Vg J3 Vo Ja Vo
PQ‘bUS VOItageS R?’:PQX[TL—_].) _ _ ]i@nP-anPQ
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Unit1 1.1 - Newton-Raphson power flow

Solving the Jacobian linear system

Ax is calculated by solving the linear system:
—J(x)Ax = f(x)

ARt

One way to do this is by inverting the Jacobian:

Ax = =] () f (x)

In practice, there are faster ways of solving linear systems than matrix inversion.
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Unit1 1.1 - Newton-Raphson power flow

Newton-Raphson power Flow

Plugging into the general Newton-Raphson form,
— ' (xNAx®) = £(xKD)

x(k+1) — x(k) + Ax(k)
We get the Newton-Raphson Power Flow diyuriuiiil.

1 (69,)

Ae("‘)] K L (60,7 ®)

k k . k Hlk (k) k k
Ja (95() ), VQ( )) I (9( ) V( ) AV (9( ),V( ))
9}()k+1) 9}(:{) . A91[():":)
Once the iterations cor. VQ("“) B VQ("’) AVQ(k)

we plug into the explicit equations to get the unknown power Injections.
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Unit1 1.1 - Newton-Raphson power flow

Two Bus Example | Power Flow

Slack Bus 1 z=j0.1 , PQBus
p, =2 @ I I P, = —0.5
=? = —
@ = Vy =120 V, =? l ¢=-05
92 =7

Values in per unit and _
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Unit1 1.1 - Newton-Raphson power flow

P1=?

Q1 =?

Keith Moffat - Power System Analysis

Two Bus Example | Admittance Matrix




Unit 1

1.1 - Newton-Raphson power flow

Two Bus Example | Power Flow Equations 1/2

P, =? } Y =Jb =10 ?
Q=7 e I ! T
=—-0.5
V,=140 Ve = -
92 =?
BMetet = Z VicVilGyi cos By; + By sin O]
IENg
o :
Ln}ecte — Z Vi Vi [Gki sin 8y; — By cos gki] F P, =
LENg 1
1 —
__ B
Q2 =
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Unit1 1.1 - Newton-Raphson power flow

Two Bus Example | Power Flow Equations 2/2

Implicit equations: compute ¥, and 6,

P2=_b‘V1’V2’Sin(92)
Qz=b’V1’V2‘COS(62)_b‘V22

Explicit equations: compute P, and Q,, once we know 7, and 6,

P]_ =—b - V]_ : Vz : Sin(—gz)
Ql =—b- V12 +b- Vl ’ VZ . COS(Gz)
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Unit1 1.1 - Newton-Raphson power flow

Two Bus Example | Implicit EQuations - Mismatch Equations

f»(8,V) and f,(6,V) are the active and reactive power mismatch equations

fp(6,V)=10-V -sin(@) + 05=0
fQ(QJV) =—-10-V-cos(8) +10-V?2+05=0

The power flow solution is the values of V and @ that satisfy the mismatch equations

Goal: find the voltages such that the mismatch equations equal zero

Keith Moffat - Power System Analysis



Unit1 1.1 - Newton-Raphson power flow

Keith Moffat - Power System Analysis

Example | Jacobian and Iterative Expression

fp(0,V)=10-V -sin(@) +0.5=0
fQ(G;V) = _1O'V‘COS(6)+ 10_V2 +05=0

0fp(8%,VF) 0fp(8%,V¥)]
96 v | [A@k] _ VP(G", V)
Afg(6%,VF) afy(0%,vk)| lavk fo(6%,VF)
a0 av

4

k
- o

, [fr(8%,V9)
fo(8%,V¥)




Unit1 1.1 - Newton-Raphson power flow

Example | 1stiteration

 90=0rad; VO=1pu <EEEE “Flat’start
fp(0°V% =10-V -sin(8) + 0.5 =
0 ) fo(0%V® =—10-V -cos(6) +10-V*+ 0.5 =

a J(6°,V°) =[ l 9 J(6°, V)1 = ]

AV_ ]_1lf] ]l ]
@ [nl= [l [l =L 1+[ |

l :] } For & *and V¥

[ 4 9 inrad
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Unit1 1.1 - Newton-Raphson power flow

Example | Slack bus injections

Once we have V, and 6,, solving the Explicit equations gives P, and Q,

Pl = _b : Vl y V2 : Sin(_gz)
Qu=—-b-Vi>+Db-V,-V,-cos(6,)
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Unit1 1.1 - Newton-Raphson power flow

Example | Solution

P; = 0.4999 p.u. = 0.5 p.u.
Q1 = 0.5557 p.u.

1 y =jb = —j10 p.u. 2 P, = —0.5p.u.

V, =120 l
V, = 0.94575 p.u.
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Unit 1

1.1 - Newton-Raphson power flow

PowerWorld is an interface for solving power flow

60.0000 kV 60.0000 kV
godgggoMMw 1.0000 pu 1.0000 pu
- var 0.0000 Deg 0.0000 Deg
50.0000 MW
50.0000 Mvar
) 0.0000 MW .

0.0000 Mvar
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Unit1 1.1 - Newton-Raphson power flow

Voltage-Controlled Buses and Q limits

PV buses (generators) control voltages using reactive power Q, which can be limited.
Qmini < Qi < Qmax,i bus i in the system, which is a PV bus

If within a NR iteration bus i violates its Q limits,
« the Q at bus i is held at the limit that was violated and it becomes a PQ bus
« the voltage magnitude V; is introduced as a variable
« an additional mismatch equation is added for the Q; injection
« the Jacobian increases by 1 row and 1 column

If in a later iteration Quin; < Qi < Qmax,i, DUS i is converted back to a PV bus by reversing
the steps above.
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Unit1 1.1 - Newton-Raphson power flow

Example | PV bus with Q limit

: : 2

@ |y=2—]7p.u. y=3—j8p.u. |
| B C
1

V1=1L0

3 P, =15p.u.
l V, = 1.05 p.u.

P; = —1.8 p.u.

Q; = —0.8 p.u.

There is a reactive power limit on the generation unit located at Bus 2:

—0.5p.u.<Q, <095 p.u.
Calculate the first two iterations of Newton-Raphson, considering the @, limit
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Unit1 1.1 - Newton-Raphson power flow

Sparsity and Solving the Newton Step

v =[]

2 % o 8 o o o « 4 <
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o o Yo o o o < 4«
o o o o o o < 4 d
o oo o o © < 4 4
° o0 o] [e]e) <l 494
el oo o 00 < <<
o i o] [e]e] 4 <4
[e] [e] [e] o o oo q qq
o o oo O o o] o K < q
o o o o o o co < < 44
[e] o o_ 0O <] < <
2 2o ® o °o o 4 a4 <4
5 00 OOOOO o) 000 q <I<]<]
- o6 & o o o] ¢} < < < <
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Like the admittance matrix ¥, the Jacobian is sparse.

To solve —H; ﬁ] MP] _ [f(6,V)

NAREIAC V)]’ the Jacobian is factorized (e.g., LU), but not inverted

Images from: “Electric energy systems: analysis and operation” A. Gémez-Expésito, A. Conejo, C. Cafiizares, 2009
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Unit 1

1.1 - Newton-Raphson power flow

Final Remarks

Newton Raphson Power Flow often has rapid convergence to a very good accuracy

* Thus, 60+ years later it is still the standard for solving power flow
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The Jacobian factorization is the time-consuming part of the algorithm.
Thus, methods have been developed to avoid Jacobian factorizations (next week).

Note: Newton-Raphson is used for many applications in addition to power flow
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Unit1 1.1 - Newton-Raphson power flow

Power Flow Analysis - Part 1
ELEN90060

Keith Moffat

The University of Melbourne - July, 2026
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