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Unit1 1.0 - Power flow basics and review

Outline

1. Power System Notation: One-line diagrams
- This is how power systems are commonly depicted

2. Power Flow in a Two-Bus System
- Solvable. But real systems have thousands of buses

3. Power Flow Analysis
* Nodal Analysis, Admittance Matrix
* Power Flow Equations, Types of Buses
» Implicit/Explicit Equations
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Phasors

For fixed-frequency AC, a phasor keeps the amplitude and phase and hides the common time rotation.

Math

0. Starting point: the time domain signal x(t) = Acos(wt + 6)
1. Embed the real sinusoid in a complex :
exponential P x(t) = Re{de/ @t+0)y

2. Factor out the known frequency w Al (@tH0) = (Aeja)ejwt

3. What remains is the phasor Ael®
Power systems use the nominal 50/60 Hz 0 ot
frequency for steady-state phasors. X = Ae’ & x(t) = Re{Xe/*"}

Payoff

Steady-state AC circuits become algebra:
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Power System Notation

Power system components are usually shown as “one-line diagrams.”

17.6 MW 16.0 MW
28.8 MVR A -16.0 MVR
— 59.7 kV 40.0 kV
[ \ Cross-lines are
17.6 MW 16.0 MW buses, which
28.8 MVR G:D 16.0 MVR \/ share a voltage

/ \

Generators are Transmission lines Arrows are used to
shown as circles are shown as a show loads
single line
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Generator
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Physical Laws

" Ohm's Law
— Current through a line - voltage across the line

" Kirchoff’s Current Law (KCL)
— Current into a line or bus equals current out

" Conservation of Power
— Voltage and current injection at a bus - power at that bus
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Power Flow in a Two-Bus System
Sending voltage and sending powers known 1/2

Neglect shunt admittance (susceptance) of the line.

Specify the voltage and the power injected at the generator end of the line,
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Power Flow in a Two-Bus System
Sending voltage and sending powers known 2/2

S¢ = P +jQs = Vg1

R JX Pg —JjQ¢
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—/ MWA—/TIT\—e Ve
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P; —jQ¢
V, =V, —(R+jX)——
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_ RP; + XQ; .XP;—RQ;
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G G

Closed-form solution
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Power Flow in a Two-Bus System
Sending voltage and receiving powers known 1/2

R iX
—/\WA—TI1\—o
— —

VG I PL+jQL

VL
o ®
)
This is the typical power system problem. LA CRNTE LIS s Gl (Ol
" Voltage given at the generator end Why do we not know I?

" Load given at the load end If we solve for the load voltage,

the state is known (It's easy to

" Load voltage is unknown calc. P, and Q,)
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Power Flow in a Two-Bus System
Sending voltage and receiving powers known 2/2

: - R | X
S.=P,+jQ,=V,I )
—/ \W—TT1N—eo

Ve I PLrIQ v,

P, —jQ.
V, =V.—(R+jX —
L ¢c— R+jX) v, ® o

. . Where is the nonlinearity?
" Non-linear equation

" No closed form solution

" Solution requires an iterative method
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Why are the two cases different?

" First Case

* Complex power and voltage are specified at the same bus, we
therefore calculate the injected current

" Second Case
* Complex power and voltage are specified at different buses
* The losses are unknown
* Thus, we do not know the current/power injection at bus G
* This is the typical power system problem
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A Three-Bus Example

What about for this system?
Given the load, do we know the line flows?

Keith Moffat - Power System Analysis



Unit1 1.0 - Power flow basics and review

PowerWorld Example

" Athree-phase synchronous generator maintains the nominal voltage of 60 kV (line-to-line)
at one end of a transmission line. A three-phase active power load of 10 MW is connected to
the other end.

* The line's inductive reactance per phase is equal to 40 Q
* Using per unit, calculate the L-L voltage of the load in kV

60.0000 kV 60.0000 kV
1.0000 pu 1.0000 pu
0.0000 Deg 0.0000 Deg
10.0000 MW 10.0000 MW
0.0000 Mvar 0.0000 Mvar
1 0.0000 MW 2
0.0000 Mvar
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Physical Laws

" Ohm's Law
— Current through a line = voltage across the line > I =YV

" Kirchoff’s Current Law (KCL)
— Current into a line or bus equals current out

" Conservation of Power ~
— Voltage and current injection at a bus - power at that bus
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Nodal Analysis Method

1. Build the admittance matrix
2. CombineI = YVand § = VIinto a set of nonlinear equations
3. Solve the set of nonlinear equations

» The nodal analysis method can be applied to AC or DC circuits

« AC - complex variables (phasors) , What is the source of nonlinearity?
. Both are nonlinear
« DC - real-valued variables

= Solving sets of nonlinear equations is hard :
Are nonlinear systems always solvable?
- We have multiple algorithms to do this

- Newton-Raphson is the most popular algorithm
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Solving nonlinear equations

Implicit equations: set of non-linear
equations

" No direct solution f(x)

" Need an iterative solution method

*

X

N

Solution
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Building the Admittance Matrix Y

" Build the admittance matrix directly:
» Diagonal element (i , i):
* sum of the admittances connected to node I, including the shunt admittance
» Off-diagonal element (i , j):
* minus the admittance of the branch between nodes i and

» No branch between nodes i and j > element (i, j) is zero
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" Elements of Y depend only on admittances of branches of the network

Admittance Matrix Y | Some Notes

= [Ifthereis no branch between nodes i and j, element Y, is zero

" For alarge network such as a power system, most of the elements of Y are zero

" Yis asparse matrix
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Two Representations of AC Power Flow

Real-valued bus injection equations Complex-valued power equations
P, = Z VieVilGy; cos Oy; + By sin O] S=diagW)I, I=YV
= >
Qk = Z VieVilGi sin 8y; — By cos O] S = diag(V)YV
LEN},
Ori = O, — 6;

Set of non-linear equations that express the balance of active and reactive power at each bus
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Types of Buses

" Active and reactive power balance must hold for the whole system

(sum of all power injections) + (losses on all lines) =0

If we don't know the line flows, do we know the losses?

Can we assert P and Q injections for every bus?
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Types of Buses

Active and reactive power balance must hold for the whole system

(sum of all power injections) + (losses on all lines) =0

If we don't know the line flows, do we know the losses?

Can we assert P and Q injections for every bus?

Three types of buses:
PQ bus
PV bus
Slack bus (aka swing bus)

Keith Moffat - Power System Analysis



Unit1 1.0 - Power flow basics and review

Types of Buses | PQ bus

F 3
y

Pki ’Qki

injected injected

reof | | ri o

= AtaPQbus @
— Pineced js specified

— Qimeeed js specified

— Voltage magnitude and angle are unknown

— Voltage magnitude and angle are such that the active and reactive flows in the lines connected to
the PQ bus match the injections

" Load buses are usually PQ buses
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Types of Buses | PV bus

F 3
y

Pki’Qki .

P injected injected
k Y Xk

P7.Q{ I l Pl .0¢

" AtaPVbus
— Pineced js specified
— Voltage magnitude is specified
— Voltage angle is unknown
— Qieced js ynknown
" Qmneed gdjusted to keep voltage magnitude constant
" Must have a variable var source at each PV bus
" Most generation buses are PV buses (in transmission)
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Balancing the Power Losses | The Slack Bus

= Power balance solution: leave pinjected yngspecified at one bus: the slack bus

= During the power flow calculation, Pm]ectecl is adjusted to keep the system in balance

slack
= Also, need reference for the angles

- set voltage angle at slack bus arbitrarily (equal to 0°)
= P,Q unspecified
= Voltage magnitude and angle are specified at the slack

= A generator bus is usually chosen as slack bus because the active and reactive power of that
generator can be adjusted by the power flow
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Three Bus Example

All values are per unit impedances

Write the power flow equations for this system using the following steps.

Work in groups: Step 1) write the Ybus matrix
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Three Bus Example | Y matrix

Calculate the branch/line admittances, then the Y matrix

- 15 j10 j5
Y =G+ jB=|jl0 -jl4 j4
L JS 4 - )9

Keith Moffat - Power System Analysis



Unit1 1.0 - Power flow basics and review

Three-Bus Example | Power Flow Equations

pinected Z ViVi[Gy; cos By; + By; sin O]
iEN

Q;icnjecm = z Vi Vi[Gy; sin Oy; — By; cos O]

" Two equations for each node
— First equation: balance of active power at that node
— Second equation: balance of reactive power at that node

" Left hand side: power injected at the node (generator or load)
" Right hand side: power flowing in the branches

Work in groups: Step 2) write the power flow equations
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A Three-Bus Example | Power Flow Equations

pirected Z VieV;[Gyei COS Bx; + By sin 0] - j15 j10  j5
. {ENk Y =G+ jB=| jl0 -jl4 j4
Qecte? = z VicV;[Gy Sin 6y; — By cos 6] is a4 -9

B =-15V|V;sin 6, + 10V, V, sin6,, + 5V, V5 sinb;,

, =+15V}V, cos b, - 10V, V, cos 6, - 5V, V; cos b,
P, =+10V,V;sin6,, - 14V, V,sin6,, + 4V, V5 sin6,,
Q, =-10V,V, cosb,, +14V, V, cos O,, - 4V, V5 cos O,
Py =+5V;V sin b5, + 4V5 V,sinb5, - 9V; Vs sinbls,

Q3 =-5V3V,cos b5, - 4V; V, cos b5, +9V5 V5 cos O34

Note: all the “G"” terms (conductances) are zero because we neglected the resistance of the lines
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Three-Bus Example | Power Flow Equations

" Since we have:
sin#,; =sin #,, =sinf;; =sin0° =0

cos By, =cos B,, =cos ;3 =cos0’ =1
" The power flow equations become:

B =+10V, V,sin6,, + 5V, V5 sinb,

Q, =+15V;* - 10V, V, cos 6, - 5V, V5 cos b3
P, =+10V,V;sin6,, + 4V, V;sin0,,

Q, =-10V,V, cos b, + 14V22 - 4V, V5 cos 0,4
Py, =+5V5V sinf;, +4V; V,sinb;,

Qs =-5V,V, cos by, - 4V, V, cos 5, + 9V
6 equations
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Three-Bus Example | Bus Types

V, =120 1 2

4 /

S =15+;0.8

Bus 1: Slack bus

Vi=1and 6, = 0 Bus 2: PQ bus
P,, Q, unknown /le’ V=1 P, and Q, known
V, and 6, unknown
Bus 3: PV bus

P, and V; known

Q; and 6, unknown

6 unknowns
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Three-Bus Example | Separating the Equations

Implicit equations: known power injections
P, = 10V;V; sin 6, + 4V,V;5in 0,3 3 equations
P; = 5V5V, sin 05, + 4V5V, sin 05,

Q, = —10V,V; cos 51 + 14V2 — 4V,V, cos 0,5 3 UM

/

solve these
then solve these
Explicit equations: unknown power injections K
Pl —_ 10V1V2 Sin 912 + 5V1V3 Sin 613 3 equatIOHS
Ql - 15V12 - 10V1V2 COoS 912 b 5V1V3 COS 913
3 unknowns

Q3 - _5V3V1 COS 831 - 4V3V2 COS 932 + 9V32
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A Three-Bus Example | Implicit Equations

" Known variables: P, ,0,,P;,V, V3,0,
" Unknown variables: V,.6,,0,

PZ equathnI _1.5 - 10V2 Sin 921 + 4.'V2 Sin 923
P, equation: 1 = 5sin 83, + 4V, sin O,

Q, equation: _o.g = —10V, cos 8,, + 14V.2 — 4V, cos 6,5
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A Three-Bus Example | Explicit EQuations

" Known variables: Vi, V3,6,
" Solution of implicit equations:  V,.6,,60,
" Unknown variables: P.0,,0;

Pl = 10V2 sin 612 -+ 5sin 613
Ql =15 - 10V2 COS 912 — 5cos 913
Q3 = —5cos 03, — 4V, cos O3, + 9

Keith Moffat - Power System Analysis



Unit1 1.0 - Power flow basics and review

Power Flow Analysis - Review
ELEN90060

Keith Moffat

The University of Melbourne - July, 2026

Keith Moffat - Power System Analysis



